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A note on log-convexity of q-Catalan numbers
L.M. Butler and W.P. Flanigan∗
The sequence of Catalan numbers (1, 1, 2, 5, 14, . . .) is defined by C0 = 1
and the recursion
Cn+1 =
n∑
k=0
CkCn−k,
from which it is evident that the sequence is nondecreasing. From the well-
known formula Cn =
1
n+1
(
2n
n
)
it is also easily seen that Ck−1Ck+1 ≥ Ck
2 for
k ≥ 1. Equivalently, the sequence satisfies the log-convexity result that
Ck−1Cℓ+1 − CkCℓ is nonnegative for ℓ ≥ k ≥ 1.
Many polynomials in q have been called q-Catalan numbers. See [3].
These polynomials have nonnegative coefficients and evaluate at q = 1 to
Catalan numbers. One such sequence, studied by Carlitz and Riordan in [2],
(1, 1, 1 + q, 1 + q + 2q2 + q3, 1 + q + 2q2 + 3q3 + 3q4 + 3q5 + q6, . . .) is defined
by C0(q) = 1 and the recursion
Cn+1(q) =
n∑
k=0
q(k+1)(n−k)Ck(q)Cn−k(q).
The recursion shows that the sequence is nondecreasing: Cn+1(q)−Cn(q) has
nonnegative coefficients for n ≥ 0. No formula is known for Cn(q) and it is
not true that C2(q)C4(q)−C3(q)
2 has nonnegative coefficients. But it is true
that Ck−1(q)Ck+1(q) − qCk(q)
2 has nonnegative coefficients for k ≥ 1. Our
main result that
Ck−1(q)Cℓ+1(q)−q
ℓ−k+1Ck(q)Cℓ(q) has nonnegative coefficients for ℓ ≥ k ≥ 1
is more general than the special case for k = ℓ.
Other authors [4] have defined a sequence of polynomials {Pn(q)}n≥0 to
be q-log-convex if Pk−1(q)Pk+1(q) − Pk(q)
2 has nonnegative coefficients for
k ≥ 1. We do not advocate this definition, since it does not imply that
Pk−1(q)Pℓ+1(q) − Pk(q)Pℓ(q) has nonnegative coefficients for ℓ ≥ k ≥ 1.
Consider 1 + q + q2 + q5, 1 + q2 + q3, 1 + q + q3, 1 + 2q + q6. Log-convexity
for sequences of nonzero polynomials with nonnegative coefficients is more
subtle than log-convexity for sequences of positive numbers.
∗Research initiated in Pat Flanigan’s senior thesis, under Lynne Butler’s direction at
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To prove our log-convexity result, we use the combinatorial interpretation
Ck(q) =
∑
π
qinv π,
where the sum is over permutations with k 1s and k 2s such that every initial
segment has no more 2s than 1s. For example, C3(q) = 1 + q + 2q
2 + q3,
since the permutations 111222, 112122, 121122, 112212 and 121212 have
inversion numbers 0, 1, 2, 2 and 3, respectively. Such a permutation may
be visualized as a path in a k × k square from the lower left corner to the
upper right corner. If the permutation is read left to right, where 1 denotes a
horizontal step and 2 denotes a vertical step, then the path never rises above
the diagonal. The inversion number of the permutation is the area below
the path. Such permutations, called lattice permutations, were studied by
MacMahon [5].
Theorem: The q-Catalan numbers Ck(q) =
∑
π q
invπ, where the sum is over
lattice permutations with k 1s and k 2s, satisfy:
Ck−1(q)Cℓ+1(q)− q
ℓ−k+1Ck(q)Cℓ(q) has nonnegative coefficients for k ≤ ℓ.
The proof of the above result uses an injection introduced by Butler [1]
to prove a similar log-concavity result for q-binomial coefficients:
[
n
k
]
q
[
n
ℓ
]
q
− qℓ−k+1
[
n
k − 1
]
q
[
n
ℓ+ 1
]
q
has nonnegative coefficients for k ≤ ℓ.
Proof of the Theorem: Given k ≤ ℓ, we define an injection
ϕ : Pk × Pℓ → Pk−1 × Pℓ+1
where Pn is the set of lattice permutations with n 1s and n 2s. Then we show
that if ϕ(π, σ) = (ν, ω), we have inv π + inv σ + (ℓ− k + 1) = inv ν + inv ω.
Let (π, σ) ∈ Pk × Pℓ be given. For 0 ≤ i ≤ 2k − 2, consider
ν(i) = σ1 · · ·σiπi+3 · · ·π2k
ω(i) = π1 · · ·πiπi+1πi+2σi+1 · · ·σ2ℓ
Define ϕ(π, σ) = (ν(i), ω(i)) = (σLπR, πLσR), where i is smallest such that
the number of 2s in πL exceeds the number of 2s in σL by exactly 1. (Note
that πL = π1π2 and σL = ∅ if i = 0, but πL = π and σL = σ1 · · ·σ2k−2 if
i = 2k − 2. Initially πL has at most one more 2 than σL, and finally πL has
at least one more 2 than σL.)
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To show that (ℓ − k + 1) + inv π + inv σ = inv σLπR + inv πLσR, we use
the fact that the number of 2s in πL, denoted m2πL, equals m2σL + 1; hence
the number of 1s in πL, denoted m1πL, equals m1σL + 1. Since an inversion
21 in a permutation may occur in the left portion, occur in the right portion,
or straddle the left and right portions, we have:
inv π = inv πL + inv πR + (m2πL)(m1πR)
inv σ = inv σL + inv σR + (m2σL)(m1σR)
inv πLσR = inv πL + inv σR + (m2πL)(m1σR)
inv σLπR = inv σL + inv πR + (m2σL)(m1πR)
inv πLσR + inv σLπR − inv π − inv σ = (m2πL −m2σL)(m1σR −m1πR)
= m1σR −m1πR
= (ℓ−m1σL)− (k −m1πL)
= ℓ− k + 1
Corollary: For 1 ≤ r ≤ k and ℓ > k − r,
Ck−r(q)Cℓ+r(q)− q
r(ℓ−k+r)Ck(q)Cℓ(q) has nonnegative coefficients.
Note that no higher power of q may be used. To see this, note that Cn(q) is
monic of degree
(
n
2
)
. So degCk−r(q)Cℓ+r(q) = deg q
r(ℓ−k+r)Ck(q)Cℓ(q).
This corollary may be proved by induction on r or may be proved using
an injection like the one above for r = 1. To visualize this injection ϕ, picture
π as a lattice path Lπ from the lower left corner to the upper right corner of
a k×k square and picture σ as a lattice path Lσ from the lower left corner to
the upper right corner of a ℓ×ℓ square. Arrange these inside a (ℓ+r)×(ℓ+r)
square with the lattice path Lπ beginning in the lower left corner and the
lattice path Lσ ending in the upper right corner. Find the point where Lπ
first meets Lσ. If ϕ(π, σ) = (ν, ω), then the lattice path Lω follows Lπ until
this point then follows Lσ, and the lattice path Lν follows Lσ until this point
then follows Lπ. The exponent r(ℓ−k+ r) is the area of the rectangle in the
lower right of the (ℓ + r)× (ℓ + r) square that lies to the right of the k × k
square in the lower left and lies below the ℓ× ℓ square in the upper right.
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Example: Terms in q2(3)C6(q)C7(q) and C4(q)C9(q), are compared below:
112112221122 7→ 12121122
12111212212212 112112211212212212
❜
r
r
❜
7→
r
r
❜
❜
The example shows how the injection from P6 × P7 to P4 × P9 maps
(π, σ) = (112112221122, 12111212212212) to
(σLπR, πLσR) = (12121122, 112112211212212212).
The permutation π is the red lattice path in the 6 × 6 square, and σ is the
blue lattice path in the 7 × 7 square. The 6 × 6 and 7 × 7 square overlap
inside the 9 × 9 square at left. At right, a 4 × 4 square is inside the 9 × 9
square. In the 4× 4 square is the lattice path σLπR, and in the 9× 9 square
is the lattice path πLσR. The term in q
2(3)C6(q)C7(q) corresponding to (π, σ)
is q2(3)+10+15, because the area under π is 10 and the area under σ is 15. The
term in C4(q)C9(q) corresponding to (σLπR, πLσR) is q
5+26 because the area
under σLπR is 5 and the area under πLσR is 26.
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